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ABSTRACT

EM.-eriments have been conducted with liquid-filled shell in free

fIlight and with a liquid-filled gyroscope. The cavities in each were

designed to have a principal fluid frequency which was equal to the

nutational frequency of the respective systems.

Comparison of experimental results with predictions of the inviscid

theory of Stewartson showed significant Reynolds number effects. Both

the rate of divergence of the nutational amplitude at resonance and the

width of the resonance band are Reynolds number dependent. Also, there

is a small shift of resonance frequency with Reynolds number. The

experiments suggest, however, that in the limit, for large Reynolds
6

numbers of the order of 10, the inviscid theory gives excellent

predictions.
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1. INTRODUCTION

Earlier experiments in the free flight rangeI* have provided data on

the dynamic behavior of liquid-filled shell during the very early part

of their trajectory. Observation showed that during spin-up of the

liquid, the shell were dynamically unstable for all fill conditions of

practical interest. Moreover, the instability, or the rate of divergence

of the nutational component of yaw, depended markedly on the specific

gravity of the liquid; i.e., for heavier liquids the divergence of yaw

was more rapid. For example, mercury-filled shell developed more than

800 of yaw in 150 feet of travel frcm the muzzle. It was also found that

the spin-up of the liquid, as measured by the loss of angular momentum of

the shell in vacuum, was markedly accelerated by the development of

secondary flow within the cavity due to end effects. A theory for this

phenomenon has been developed and is in good agreement with the experi-
.2

ments

In the above experiments, no specific attempt was made to verify

Stewartson's theory3 because for the particular cavity used, the

predicted resonance occurred only at 45 percent fill-ratio and relatively

few firings were done at this loading.

To the best of our knowledge, Stevartson's theory has been previously

tested only twice. The first experiments were done by firing, at long

ranges, specially modified shell some of which were deliberately designed

to be unstable (resonate) according to Stewartson's criteria, and others

to be stable. These experiments were spectacularly successful. The

second experiments were made by G. N. Ward 3 with a gyrostat. Ward

found good agreement with the theoretical prediction of the fill-ratio

at which the principal mode of instability should occur. However, he

also found that the resonance band, or the range of fill-ratio over

which the gyrostat was unstable, was more than twice as broad as theo-

retically predicted. Considerations of various sources which might have

contributed to this discrepancy led to inconclusive results.

Superscript number-a denot' references found on page 39.
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In view of the importance which Stewartson's theory may be expected

to play in the design of liquid-filled shell.. it appeared desirable to

examine this discrepancy further. Therefore, free flight tests were

conducted in the inclosed range under carefully controlled experimental

conditions. These tests were supplemented by tests with a liquid-filled

gyroscope. The gyroscope permitted tests over a wide range of Reynolds

nrumoers.

This report describes the results of these experiments.

2. FREE FLIGHT FIRINGS

The shell for these experiments were 20amm models. A schematic

drawing of the model is shown in Figure 1. The models were machined

from solid aluminum bar stock to have cylindrical cavities of prescribed

fineness ratios. The cavities were designed so that one of the principal

freauencies of the fluid was close to the nutational frequency of the

shell. The aerodynamic characteristics of this configuration were

wellikmown from previous work . These and other characteristics as

inferred from the present firings are discussed in Appendix 1.

To test Stewartson's theory, the fluid must be fully spinning.

Consequently, with inclosed range firings the fluid must come to full

spin very rapidly. Previous tests showed that glycerine, v = 1000

centistokes, reaches full spin in about 40 feet of travel from the muzzle.

The remaining 240 feet of the range could then be used for relevant

observations during which the shell executes about ten nutational

oscillations. From prior physical and aerodynamic measurements the non-

dimensional nutational frequency of the model, xn, was estimated to be
n 2

0.06. The cavity was to be filled to 90 percent (b /a" = .10). There-

fore, from Stewartson's tables 5' any cavity with height 2c and

diameter 2a or fineness ratio

c/a = 1.051 (2j + 1) j = 0, 1, 2,....

will have as its principal fluid frequency -o equal to the nutational
0

frequency of the shell n .06. For j 1, c/a = 3.153.n
8
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In order to cover a broader range of fluid frequencies, it was

decided to set the fill-ratio at 90 percent and vary the fineness ratio

"from 3.03 to 3.29. This variation of c/a permits testing of shell

response to fluid frequencies varying from -rO = .03 to -to = .09. At a

constant fineness ratio, say c/a = 3.153, by varying fill-ratio, the

lowest attainable frequency at 100 percent fill would have been To = .047

producing an asymmetrical distribution about -n = .06.

Mne observed nutational yaw damping rates of the liquid-filled models,

corrected for nornal aerodynamic damping, are shown in Figure 2. These

were obtained by the usual analysis of range firings. Also shown are

theoretically predicted rates. As can be seen, there are significant

differences between the theoretically predicted and the observed behaviors.

We shall defer discussion of these differences until after presentation

of the experimental results from the gyroscope tests.

3. GYROSCOPE

3.1 Description of the Aiparatus:

The instrument shown in Plate 1 was originally designed and built

during the last war to study the dynamics of liquid-filled shell. The

rotor was a modified 4" shell which was driven by an air turbine, the

air being admitted through the outer and inner gimbals.

For our purpose it was altered by discarding certain components.

A new rotor was built containing a removable lucite cylihdrical cavity

of maximum inner diameter 2.50" and height 12.90" or fineness ratio

c/a = 5.16. The full capacity of this cavity is 1038 cc. Unfortunately

the center of the cavity was above the pivot point which presented

certain experimental inconvenience. However, the center of mass of the

whole systeam could be varied by adjustable rings on th,- rotor and the

inner gimbal. Most of the experiments were conducted with the gyroscope

in a stable position; i.e., with the center of mass of the system below

the pivot point. The inner and outer gimbals were mounted on ball

bearings.

10



90

28- FREE FLIGHT
20 mm SHELL

* OBSERVED 8
- THEORY

2470

20- 60
- 0

ww
z
050

,I ,

I:: O Io• oo .~ 08 .Io

a.3

I I 30

*A' I 120
e/

/0/ 10

0 D2 0 0D60 .080 .100
TO

OBSERVED NUTATIONAL YAW DAMPING RATES OF LIQUID-FILLED MODELS

FIG. 2

I m m lm i =M • w r m= mm wgam m mm mm= m0mm ae l l z mm= i = Ii m m m mm l z a mmum m m m m e m m



The oscillations, about one gimbal axis, were measured with strain

gages mounted on a strip of .015" stainless steel shim stock. The strip

was spri-ng loaded and attached to the outer gimbal, see Plate 1. The

gages formed part of a bridge circuit whose amplified output was monitored

on a photograpDhic recorder. Two records are shown in Figure 5.

The spin of the rotor was measured by a small pick-up coil mounted

on the inner gimbal and two small magnets on the rotor. The output was

recorded on a tachometer and on an electronic counter. The rotor could

be spun in excess of 10,000 rpm with reasonable safety; however, most of

the experiments were conducted at lower spins.

The transverse moment of inertia of the gyroscope could be-varied,

withi-n narrow limits, by the adjustable rings. An example of the

characteristics of the gyroscope with empty cavity (c/a = 5.16) and

certain position of the rings is:

Weight, rotor and inner gimbal, ibs. 25.80

Moments of inertia: Io" lbs-in2 32.52

Slbs-in
2  865.5

IZO lbs-in 833.8

ayo.Lo 850

• ~Io

Tn- =n--.0=.38

3.2 Rcperinental Results:

From preliminary experiments with a completely filled (c/a = 5.16)

cavity, the nutationa!l frequency of the gyroscope vs found to be closer

to .040 than to .038 as given above. For this cavity, from Stevartson's

tables, one finds that resonance, i.e., -r -r = .040, should occur at
0 n

92 percent fill-ratio. The resonance, at this fill-ratio, should occur

in any cavity whose fineness ratio satisfies the condition

12
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c/a = 1.032 (2j + !) j = 0, 1, 2 ....

Thus, for j = 1, c/a = 3.10; for j = 2, c/a = 5.16, etc. Both of these

cavities were used.

in order to cover a broad range of Reynolds numbers, the following

leaids were tested:

Liquid 0, gn/cc v, c.s.

Mercury 13.6 0.1

W.ater i 1

Silicon Oil 1 1O

Glycerine 1.25 1000

-Prelimiry to various tests with liquids, runs were made with empty

-rroscope in order to establish the nutational damping rate due to

bearing friction. The damping was always small, about .017 per second,

and was applied as a correction in all tests.

A characteristic of the tests with liquids was that instability vas

self-generating only in the vicinity of resonance. The width of the

resonance band within which self-generation occurs (either in terms of

percent of fill, or-E-, 's) increased with highe:- spin, higher specific

gravity of the liquid, and lower j values. The effect of spin can be

seen in Figure 3. For c/a = 3.09 and 100 percent fill, the instability

is self-generating at 6000 rpm; at 4000 rpm an artificial initial

disturbance was necessary.

For the c/a =5.16 cavity, the combined experimental results and

tneoretical Prediction are shown in Figure 4. Figure 5 shows the results

for oi± and glycerine at 4000 and 6000 rpm in greater detail. Similarly,

Figures 6 and 7 show the experimental results for c/a = 3.09.

As can be seen from Figures " through 7- the resonance band at

shorter frequencies, i.e., higher fill-ratios, is cut-off at about -O =

0.30, producing a truncated distribution. To Test whether the resonance

band is synmietrical about i ts raximum, a slightly shorter cavity, c/a =

3.03, 6as tested. Shortening the cavity has the effect of shifting the

15
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resonance to lower fill-ratios. The results are shown in Figure 8. For

glycerine, the band is still truncated, but for oil, the response is

symmetrical about its maximum.

4. DIScuSSIou

Stewartson's theory of the instability of liquid-filled shell indicates

that in the vicinity of coincidence (resonance) between one of the fluid

frequencies, -,o and the nutational frequency of the shell, Tn, the

amplitude of the nutational component of yaw will grow as

cyit
e (Cr - t)

where w is axial spin of the shell and

1/2j S 0 d

.12 5
S -zI a "Stewartson' s parlmeter"

x

p = fluid density

2R is a tabulated function to be found in Stevartson's tables;

it varies with t and percent of fill.0

a = radius of the cavity

a = J 1-i7/, s = gyroscopic stability factor.

For instability, t must be real, or

S - o - Td2 >0

which leads to the well known Stewartson instability criterion:

(-' - _n)
-1< <1

sl/2

20
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The half-width of the band of instability is

The maximum rate of divergence is at exact resonance, To = ¶n , for

which

(lmax = t /x per second.

The theoretical cur-ves were computed using these relations.

Observed results both in free flight and with gyroscope differ

sigificantly from, the predicted behavior. The differences appear to be:

(a) observed maxima of divergence are considerably lower than

predicted and show marked dependence on viscosity

(b) the width of the resonance band also is considerably

broader than predicted; the width increases with viscosity

(c) there appears to b0 , of relative to s n

with viscosity.

it is instructive, as a first guess, to correlate these effects with

Reynolds nurbers.

4.1 Correlation with Reynolds Numbers:

We define the Remolds number of the fluid in the cavity as:

2
Re_=

The following are the Reynolds numbers of various tests:

V c.s. Re

Free Flight, Glycerine 1000 7.0 x 102

Gyroscope:

4,000 rpm 6,ooo rpm

Mercury 0.1 - 6.3 x 106

Water 1 4.2 x 105  6.3 x 105

oil 10 4.2 x10 6.3 'O

G2ycerine 1000 4.2 x 102 6.3 x 102

We shall consider the three observed differences in turn.

222



a. The Height at Resonance

The ratio of theoretical to observed rate of divergence at

resonance

a" th
r=

±obs'

is plotted vs. Re in Figure 9. Gyroscope results correlate quite well.

From the trend of the correlation curve it would appear that an agreement

with theoretical prediction would be attained at higher Eeynolds uumbers.

An attempt, therefore, was made to test mercury. Tests with c/a = 3.09

and 3.03 cavities were u~nsuccessful because of violent divergence. Partial

success was achieved in the c/a = 5.16 cavit-j. The results are shown in

Figure 10. An extrapolation of the results to resonance, an uncertain

p: cedure, suggests that the resonance would occur near T n, as predicted,

and the rate of divergence, at resorance, would be close to the theoret-

ically predicted value. However, if one incorporates into Figure 9 two

other available data points: from free flight tests and Ward's result

(see Appendix 4), these disag-ee with gyroscope results.

b. The Width of the Resonance Band

The resonance band shck progressive widening as viscosity in-

creases. At higher viscosity it also exhibts surprisingly wide, almost

non-terminating, tails. However, along these tails, the instability of

t-e gyroscope is not self-generating but requires a bit of artificial

help to start the nutational motion going. Once disturbed, the motion

is divergent. With an empty cavity a similar initial disturbance

invariably damped.

With such broad tails it is impractical to define the widch of the

band. For our purpose we define the widtk at one half of its maximum

amplitude and compare this with theoretical width at corresponding

heIght, i.e., v = Wb /;ith at 1/2 of (a,) X. This ratio, so defined,

is plotted vs. Re in Figure 11. Again, there is good correlation of

groscope results but disagreement with free flight and Ward's v.alues.

23
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c. Displacement of (¶o)Max with Viscosity

Examination of the resonance graphs shows clearly that there

is a progressive displacement of the observed peak of the resonance curve

with viscosity. Thus, with glycerine, the peak occurs at ¶ = .0260

(c/a = 3.03) whereas the nutational frequency, T = .040, remains unchanged.

In other fineness ratios. 5.]6 and 3-.09, the peaks are similarly displaced.

However, in these cases the positions of the peaks for glycerine are quite

uncertain and a.,e omitted from the plot. The peak of other liquids also

might be somewhat influenced by considerable asymmetry of the resonance

curves.

The observed difference, TOma- n is plotted vs. Re in Figure 12.

In this case, the formerly discordant two data points, one from free

flight and another from Ward, are in somewhat better agreement with

gyroscope results.

The question may well be raised whether T as modified by then

inertial properties of the liquid (Appendix 3) is the appropriate refer-

ence, or should not Tn of the empty system be used instead? With
0

mercury, for example, the observed 'r = .043 whereas that of the emptyn

gyroscope is Tn = .036. The resonance peak appears much closer to .043
0than to .036. Also for glycerine the peak is at T = .026, whereas the

observed T = .040 and that of the empty gyroscope is Tn = .038. Theno

displacement is clearly present. For the case of free flight firings,

the observed peak is at To = .055, whereas Tn is .061 and with liquid

.065. Thus, the displacement of (C )max appears to be real.

4.2 Viscous Damping:

Relatively good correlation of the gyroscope results, in the form of

r, w, and Kt with Reynolds numbers indicate the importance of viscosity.

However, a significant disagreement between these results and r, w, and Ar

as obtained from the free flight and from Ward's experiments suggest that

simple correlation with Reynolds numbers is ir.adequate.

27



To examine -'the effect of viscosity through the Navier-Stokes equations

is very difficult. However, in general, the effect of viscosity on the

oscillating fluid system is to act as an energy sink or a damper. In a

mechanical arnlog this effect would be representable by a dash-pot. The

solution for damned fluid oscillations, therefore, would contain imaginary

comnonents in all resorant frequencies terms. Any fli:d frequency, thero-
fu-e, would be of the form

-r=-r + i8 (1)
o 00

".dhere 0 is the resonant frequency of an inviscid fluid and 8 is the00

dampi.ng factor of the or mode.

Frsom reference 3 or 5, the nutational root of the characteristic

equation, defining the oscillations of the system, can be written

T -S (2)
n -4( - T0)

where S is the "Stewartson parameter" previously defined. The solution

of this guadratic for ' leads to

O = + _ r,)2 (3)
2 - n

The nutational amplitude, in the absence of aerodynamic damping, is given
by

constant x e

For instability only the imaginary part of T is important. Moreover, we

must have

S- (To-Tn)2 >0

which is Stewartson's instability criterion, and take the negative sign

in front of the square root.

With viscous damping, Equation (2) beccmes

S
T - T =i-

28



The solution for T becomes:
00 n 2

.4r 5 O0 ( T n ) i02( - T ( 5)
2 0(0 C n i 00(¶

Let

M= S + 62 - r (O - n2

00 nl

The real negative part of the imaginary component of complex T is:

""2 . - (6)

At resonance, i.e., when T -00 n = 0, Equation (6) becomes particularly

simbie. Call this viscous -r

The inviscid T. is1

1/ S (8)

a. The Amplitudes

The problem now is to determine 5 from the experiments. We
assume that the observed ratio of amplitudes, r, is equal to the ratio of

inviscid to viscous -'rs, i.e.,

r 6-th= I"- == (9)
r a ofs + &2 - 6

From Equation (9)

5 = l/22 %S (r (iO)

29



The following table summarizes the values of r, w, and Afr previously

plotted in Figures 9, lU, and 12. In the eae of A-& only the averages are

given.

Observed r, w, ,'r

_,__ j_7 _ r w -AT X 103

Range 1.57 x 1032 .7 2.3 10

Ward 0.87 x 1O-2 4.4 3.3 5

Gyroscope: 4000 rpm 6000 rpm

Hg 13.69 x l0- - (1.4) - (1) (0)

FIo 3.71 x 10-l 2.8 - 1.4 - 2

Oil 3.71 x 107 5-9 5.6 5.0 2.9 5

Glycerine 4.16 x 10-1 15.1 U1.9 8.7 8.1 16

For the &'roscope, the values of IS are th3se for c/a = 5.09.

A plot of log b vs. log Re suggeated

const.

(Re)n

Because of the distribution of the data, neither the constant nor the

value of n could be well determined. However, the following values

represent the data reasonably well.

n = i4

constant = 0.135 ± .017 s.d.

A compariscn of computed r-/-r ("predicted") with the observed r is shown

in Figure 15a. There are some indications that at lower Reynolds numbers,

for Re < 1i5, the exponent n might be 1/5 and be more nearly 1/2 at higher

Reynolds numbers. But present data are insufficient to make this distinction.

The form of dependence of 6 on Reynolds nonbers was suggested by
Wedemeyer on Theoretical grounds, see Reference 6.
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b. The Width

In contrast to the inviscid solution which exhibits definite

band width, 2f4 the viscous solution, Equation (6), shows tails whose

amplitudes only asymptotically approach zero. Hence, it is i-practical
to define the resc•_ ce band width. However, a very simple expression

2for characteristic width can be obtained if we neglect m relative to

n2 under the square root of Equation (6). Such characteristic width,
then, can be defined by the following equation;

,. + 2 (•o -"•)+ 25(T 00 - n)2

From this it follows that the viscous half-width, is

w = s + a (12)

The inviscid half-width is

The ratio w = wywi = 1 + 51/, or

b /S- (w - ) . (13)

The width, Wv, Equation (12) occurs from one third to one half of
the maximum amplitude. This depends on the value of 5//S. Therefore,

the ratio w = wy'wi is not strictly comparable to the previously used

ratio w at one half of the maximum amplitude. Nevertheless, the two

are compared in Figure 13b. For "predicted" values, w,/ww, previously
found 5 = .135/ I- was used. The agreement is fair.

c. Displacement of (T o)mx

Interaction between oscillating fluid particles and the walls of
the carity ararently gives rise to the boundary layer. This boundary

layer, in turin, may produce an "effective" finenezz radio or the cavity,

slightly different from the geometrical. A rough estimate of this

effect can be made as follows.
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Let c/a be the geometrical fineness ratio. If the boundary layer

has thickness y, the "effective" ratio will be

c -y
a -y

The difference is

S -a -y
a

From Stewartson's tables one finds that a change A( ) produces a change

A, . The two are related by

n(c) " 1.2(2j + 1) Aor " (15)

Equating Equations (14) and (15), the desired answer is

R(- ) -
O 1.2(2j + 1) a(16)

Since AT is known from observations, (Y) can be computed and plotted vs.
0a

Re. The results are:

- • c/a-i1 .08
AT= - 1 .086 ----- (17)

0o 0 n 2j + IX l "

A plot of "predicted" 0r , computed by Equation (17), vs. observed is

shown in Figure 13c. The agreement is tolerable.

Finally, it is of interest to compare the observed resonance band

with that theoretically predicted with viscous damping included. The

theoretical curve was computed using Equation (6), i.e.,

with

b = .135
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and comired with the observed IL's for oil. Figure 8, c/a- 3.03, 6000

rpm. The comparison is given in Figure 14. The agreement is excellent.

Particularly noteworthy is the theoretical appearance of wings in the

resonance band which were so conspicuous in gyroscope experiments with

more viscous fluids. Therefore, introduction of viscous damping clearly

improves the inviscid theory when applied to real fluids.

. CONCLUDING REMARKS

Stewartson's inviscid theory still provides the best available

guide for predicting a priori the dynamic behavior of liquid carrying

shell with cylindrical cavity. It is suggested, however, that shell

designers will do better by taking into account the effects of viscosity

of their fluids. The following steps outline the procedure to be

followed.

a. Nuatational frequency: This to be computed by taking inertial

properties of the liquid into account.

I
i/2# (1 + c) (18)

y

where

x +i,0 (19)

I=1%
ly IYo + 0.7 "

lxo' 1 yo are the axi-&1 and transverse moments of inertia respectively of

the empty shell and ixo and io are those of the fluid regarded as a

rigid body.

b. The maximum divergence will occur at the principal fluid frequency

given by

S Atomax n (20)

where

AT = c/a - 1 .o86 (21)
23+1 We
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c. From Stewartson's tables one finds the value of (c/a)/(2j + 1)

corresponding to above TOmx. Let this be K . Therefore,

(c/a)° = Ko(2j + 1)

These are the fineness ratios of the cavities at which maximum instability

will occur.

d. Because of the width of the resonance band, the designer should

avoid fineness ratios in the vicinity of the critical (c/a),. Half-width

of the resonance band is

0 Omay=FS+ a

Therefore, one shouldl find from the tables the limiting fineness ratios

corresponding to

= omax V9 + (22)

Roughly, this is given by

1= .2(2j + 1)(/S + 5) . (23)

Therefore, the fineness ratios to be avoided are

ak) !a!() (•
0

It should be noted that the inviscid instability criteria

- 1 <o n < 1

with viscous correction becomes

0r -n-1+ -k)< V• < (l + •
vrý i (25)

where
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2
Re = w

V

An example: From our range firings, rn = .065. From Equation (21),
A= .011. Therefore, the maximum divergence will occur at fluid frequency

2 2o--- =.065 - .011 = .054. From Stewartson's tables for b /a 0.10

(90 mercent fill) we find

C a =1.0o14 K
2j+ 1 o

for
•=i1

(c/a)o = 5.5

For this shell,

Js-= 1.57 x 1 2

8 = 2.65 x 10-2

"WE + 8= .0o0

and 'by Equation (24), the range of fineness ratios to be avoided

5.15 ± .14

or from c/a = 2.99 to c/a = 5.27. From Figure 2 and tables we obtain
the following:

Lower limit - = .020 c/a = 5.09

UDner limitt T = .090 c/a = 3.27

These numbers are in a fair agreement with the estimates by using

Equation (25).
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With slightly greater sophistication, the w'idth of the resonance

band, or the range of (c/a) values about the critical should be determined

relative to aerodynamic damping. Only the rate of divergence of the

nutational comnonent of yaw which is in excess of the rate due to aero-

dynamic damping is impor"tant in practice. If, therefore, a is the

aerodynamic dampping rate, then the width of the resonance band is to be

ound from the condition

W m n 2  r a(26)

-dhere

== s+ 82 _ ( -o•o)2

n = 28(-, -0 T0)

- - - -At .
oM n

From this one finds lower and upper t0 and, from the tables, corresponding

fineness ratios.
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APPENDIX 1

PHYSICAL AflD DYN4IC CHARACTERISTICS OF 20mm MIODELS

21 mod-"L " were fired in this program. Since their inferred characteris-

-i-- ý'hwed no zvsteem~tic variation with fineness ratios of the cavities,

w-ý "•e combined. All errors assigned to the mean values are

.r'--ndard errors.

.ion~ .. e ..ency Z1= .0271 _-.0OOL rad/cal

Frequency ?2 = .0060 ±.0001 rad/cal

-, = z,.' + = .0331 +.C00Oh rad/cal
--y

"- = ..- 1 rad/cal

T

= ==.YtO ±.012

T,

T'-: .;;LO 4.012

-- (10- ) = .0_5 -.. oo

Fr-z ca zi-I cal •-easuremrents of empty models prior to firings,

T

-h n aCO-•7-e, .ie ., .0"2-. The difference "etween emnty

"-. • ~.r.-the i.-- , .nferred from firings, is due to the effect of

- a:.'-r-il rrc-rertiez of tihe licuid.

q i.



Also:

CM = 3.66k .06
14

and

1x I2 V02
U= i- 2  1.690 .02 = 21,p S d3CM

Cr

Krncin: -Ihe ra-es, one can detenrine I. and I, separately.

Le"

ix = Txo ixO

iv = Io + i
0 0

"where ixo and iY 0 refer to the liquid acting as a rigid body. We have:

v = 2h.81 gm-cn? ix = 2.7h gm-cm2

Lo = 332.09 gm-cm2  iYo = 17.68 gm-c. 2

Tne firingzs indicate that

S= .96

B = .70

All firings ;:ere done at 2000 fps from a gun with a twist of rifling

.:5. Other aerodynamic characteristics of the models are:

CD .350 Wt L4 .4 gis

C- 2.!,7

C .30
D

CM + C,. -12.0

C -. 012
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DamziniF raz-es:

Uu~t~atiofl GI 3.20 x i0F per caliber, eUl

Fý re . IO. ce2 =2.51' p0 ter caliber



APPENDIX 2

THEORY OF GYROSCOPE

T-hii s h.e-ory is sufficiently well known not to require full expDosition

.....r..... see, :or ex e7, reference . However, a few brief remarks may be

_Seful.

7et i, be the polar moment of inertia of the rotor

I; I,. I...:" be the transverse moments of inertia of the rotor,

inner and outer gimfbals respectively, about the y axis

i:, I- similarly about z axis. Clearly, 1." = 0.

S+I + I.'

.- ,the >2czco is so desi-ned that

T •L let,
i---rczco-

T T be the moment aboit either axis.-= %. o be 4a

et ,e at Iaring frrction can be represented as f.6, and

-- : respeetively. l-.oreover, if f 7  f=, as w;as the case with our

bearinrs, then the differential emaations of motion can. bee written as:

i• +f 1; +i1 nk -Kco = 0 (1)
=z -z no, - 9, = 0

ni constant spin in rad/sec, and K. G.h is gravitational moment.

iZ ite mass of the rotor and the inner gimbal and h is the center of mass-

ni-o"ot" seinaration. For ;the iustable position, i.e., when c.m. is above the

nivot. ?. > C.
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Define: 9 = 9, + i Oz

The two eauations can be combined to give

1 9 + (f - i ixn)4 -*Ko = 0 (2)

where i = A.

The characteristic equation of (2) is

I m2 + [f - i I xn~m - Ko = 0

The roots are complex giving two frequencies and two damping rates.

With an approxination that f/Ixn << 1, these are

Frequencies Damping Rates

I-n (l-*) fNutrtion (- -i-a)-

Ixn 
fL (i-o)

212

whe re . = 1

Ix• n2
s = gyroscopic stability factor.

Non-dimensional frequencies are

Ix

T =L (1-C)

If a I, s is large, Tn - andI

-1
0 2s

•P _Ix 1 _ Ko

I2 2s - n

it should be noted that if KC < 0, statically stable position, s < 0,

4-6



S> 1 and the precessional amplitude has a tendency to diverge at a rate

depending on the quality of the bearing or on the value of f. For

statically unstable configuration, Ko > 0, s > 0 and a < 1, friction

da:mns both w.i..lit- udes.

If w'! introduce into one component, say 8,, an additional stabilizing

torque, -K, due to measuring device, the equations become

I9 + In9• -(Ko - K)e, = 0

I Ix - iKn 8 -K 0 ez = 0

where friction, which does not affect the frequencies, was neglected.

It can be shown that, in this case, the new frequencies are:

- as before, and'n

up Ix'n4
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APPENDIX 3

CONTRIBUTION OF LIQUID TO ThE INERTIAL PROPERTIES OF T1Th SYSTEM

Both in free flight and gyroscope experiments with liqaids the

observed nutational frequency was always somewhat higher than for the empty

system. The liquid, therefore, must have contributed its inertial properties

to the system. From free flight experiments it was found that the limtid

contributed 96 percent of its axial moment and -O percent of its transverse

rzyments of inertia when considered as an equivalent rigid body.

The gyroscope offered an opportunity to find the liquid's contribution

.ith greater accuracy. The obvious choice of fluid is mercury for which

i 75

Ixo

-o = .60
I0

Again, we define:

Ix = ix 0+ a
0 Cix

i = Io + 8 io

where Izo, I,. and i 1 , io are the axial and transverse maoents of inertia

of the rotor and of the liquid considered as a rigid body, respectively.

From Appendix 2, it is easily seen that

I

=(7.. +7...)

I.7
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K =( + )2 A2

and T-T 1S= .2.. Ii-__
-1 n --Tp s

The frequencies are directly observable quantities. If one knows Ix0,

and I and the moment K from prior physical measurements, then, by

ex.uperiments, one determines I, and I, and, hence, a and 0. A series of

e-..er+ments were run for this purpose and the results are given in the

ll.-gin- table:

Dynamic Properties of Mercury-Filled Gyroscope

c/a = 5.16

Spin I.
% Fil! rpm x l 3  I

100 2.5 .0437 -)7 .69

0.0 o4a19 .08 .82

9O 0.0 .0454 .97 .74

85 3.0 .0456 .97 .67

L-.0 .0451 .95 .68

6.0 .0446 .94 .69

"SO 3.0 .o456 .96 .68

75 3.0 .0458 .95 .67

Average .96 .70

Empty .0359

Although the exact agreement of average a and 0 with free flight

a!uc. is fortuitous, the experiments indicate that the axial moment
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of the empty system is fully augmented by the axial moment of the liquid,

considered as a rigid body, and the transverse moment by 70 percent.

The latter value appears to be in good agreement with the theoretical

value for an inviscid fluid in the inviscid theory, there is no

contribution by the liquid to the axial mo=mnt of inertia of the system.
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APPENDIX h

WADI' S EXPERIE14=IS

Ward ' tested Stewartson's theory with a gyrostat by varying fill-

ratios in a fixed cylin~dri:ai cavity.

It is to be recalled that Stewartson's instability condition is:

(-ro-'n)
-i < •_~ <1!

S2

Ward f'ound that the following limits best satisfy hi4 observations:

(To0-n)
-3.9 < r- < 2.7S-f

Thus, the limits are considerably broader than predicted and asym.metric

relati-re to 7n. Ho.wever, he did find that r.azximum instability appeared
to coincide -ith the predicted position at 66 _ercent fiil--atio.

From the cited reference, the characteristics of the n.rostat are:

Cavity: a = 1.43 am_

"/a = 3.00-

Volume = 55 cc

liutational frequency, Tn = .I!2

Fluid: v = 23.9 c.s.

o = 1.2 gm/cc (assumed)

Spin 6,000 rum

Re = . 4- X I0

With above characteristics of the cavity and T, = .112 we find, from

Ste-artson's tables at ,= - ._, 2R = .308 (Stew-artson's R). Therefore
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1
S-2 =1!!4.3

Thus,

-3.9 < !i1.3(T0 -T-) < 2.7

it follos:

T,% fill

Toer liit .078 .28 72

Uprer !Lnit .-136 .38 62

Average .107 .33 67

Accerdinig to these estimates, if the resonance band is syzmetrical about

its _maxi M. the maximum should occur at T0 = .107 or at 67 _rercent fill-

ra-io. 7nis im-elies a shift of maxima from rn

.107 - .112 = -. 0o5

a 'u-: iZplacer--nt of maxima will remove the asymmetry. In our experinents,

see Fi-ar-re for oil, the resonance curve is sy=-etrical.

wne "idth of the band AT= .058, whereas theoretical width 2, = .017.

The ratio, therefore, i- 3.3. .oreover, from Ward's graph of the rate of

!i_.verFnce of the nutational amplitude at resonance, the arplitude doubles

about 1.' seconds. In our notation, this implies a, = 0.6. The

zheoretica! -vale is : 2.75. The ratio, therefore, is h4.4

"7-inese rem:!ts were used in com-arison with our e.xDeriments.
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